13th Bay Area Mathematical Olympiad
BAMO-8 Exam
February 22, 2011

The time limit for this exam is 4 hours. Your solutions should be clearly written arguments. Merely stating
an answer without any justification will receive little credit. Conversely, a good argument which has a few minor
errors may receive substantial credit.
Please label all pages that you submit for grading with your identification number in the upper-right hand
corner, and the problem number in the upper-left hand corner. Write neatly. If your paper cannot be read, it
cannot be graded! Please write only on one side of each sheet of paper. If your solution to a problem is more than
one page long, please staple the pages together.
The four problems below are arranged in roughly increasing order of difficulty. Few, if any, students will
solve all the problems; indeed, solving one problem completely is a fine achievement. We hope that you enjoy
the experience of thinking deeply about mathematics for a few hours, that you find the exam problems interesting,
and that you continue to think about them after the exam is over. Good luck!

Problems
A A set of identical square tiles with side length 1 is placed on a (very large) floor. Every tile after the first
shares an entire edge with at least one tile that has already been placed.
• What is the largest possible perimeter for a figure made of 10 tiles?
• What is the smallest possible perimeter for a figure made of 10 tiles?
• What is the largest possible perimeter for a figure made of 2011 tiles?
• What is the smallest possible perimeter for a figure made of 2011 tiles?
Prove that your answers are correct.
B Five circles in a row are each labeled with a positive integer. As shown in the diagram, each circle is
connected to its adjacent neighbor(s). The integers must be chosen such that the sum of the digits of
the neighbor(s) of a given circle is equal to the number labeling that point. In the example, the second
number 23 = (1 + 8) + (5 + 9), but the other four numbers do not have the needed value.
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What is the smallest possible sum of the five numbers? How many possible arrangements of the five
numbers have this sum? Justify your answers.

Please turn over for the remaining problems!

2
C Consider the 8 × 8 × 8 Rubik’s cube below. Each face is painted with a different color, and it is possible
to turn any layer, as you can with smaller Rubik’s cubes. Let X denote the move that turns the shaded
layer shown (indicated by arrows going from the top to the right of the cube) clockwise by 90 degrees,
about the axis labeled X. When move X is performed, the only layer that moves is the shaded layer.
Likewise, define move Y to be a clockwise 90-degree turn about the axis labeled Y , of just the shaded
layer shown (indicated by the arrows going from the front to the top, where the front is the side pierced
by the X rotation axis). Let M denote the move “perform X, then perform Y .”
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Imagine that the cube starts out in “solved” form (so each face has just one color), and we start doing
move M repeatedly. What is the least number of repeats of M in order for the cube to be restored to its
original colors?
D In a plane, we are given line l, two points A and B neither of which lies on line l, and the reflection A1
of point A across line l. Using only a straightedge, construct the reflection B1 of point B across line l.
Prove that your construction works.
Note: “Using only a straightedge” means that you can perform only the following operations:
(a) Given two points, you can construct the line through them.
(b) Given two intersecting lines, you can construct their intersection point.
(c) You can select (mark) points in the plane that lie on or off objects already drawn in the plane. (The
only facts you can use about these points are which lines they are on or not on.)

You may keep this exam. Please remember your ID number! Our grading records
will use it instead of your name.
You are cordially invited to attend the BAMO 2011 Awards Ceremony, which
will be held at the Mathematical Sciences Research Institute, from 11–2 on Sunday,
March 13. This event will include lunch, a mathematical talk, and the awarding of
dozens of prizes. Solutions to the problems above will also be available at this
event. Please check with your proctor for a more detailed schedule, plus directions.
You may freely disseminate this exam, but please do attribute its source (Bay Area Mathematical Olympiad, 2011, created
by the BAMO organizing committee, bamo@msri.org). For more information about the awards ceremony, or with any other
questions about BAMO, please contact Joshua Zucker at joshua.zucker@stanfordalumni.org.

